Angular momentum balance is examined in the context of the electrodynamics of a spinning hollow sphere of charge, which is allowed to possess any variable angular velocity. We calculate the electric and magnetic fields of the sphere, and express them as expansions in powers of τ /tc ≪ 1, the ratio of the light-travel time τ across the sphere and the characteristic time scale tc of variation of the angular velocity. From the fields we compute the self-torque exerted by the fields on the sphere, and argue that only a piece of this self-torque can be associated with radiation reaction. Then we obtain the rate at which angular momentum is radiated away by the shell, and the total angular momentum contained in the electromagnetic field. With these results we demonstrate explicitly that the field angular momentum is lost in part to radiation and in part to the self-torque; angular momentum balance is thereby established. Finally, we examine the angular motion of the sphere under the combined action of the self-torque and an additional torque supplied by an external agent.
I. INTRODUCTION AND SUMMARY
The aim of this paper is to investigate the electrodynamics of a spinning hollow sphere of charge. Our wish is to bring together two themes of the standard textbook literature, one rather neglected, and the other shrouded in mystery.
The neglected theme is electromagnetic angular momentum, which tends to be mentioned in passing in most texts, but rarely explored beyond a very small number of examples. For example, Griffiths [1] introduces the field angular momentum in Sec. 8.2.4 and computes it explicitly for a solenoid encased between two cylindrical shells. 1 Apart from another appearance in Problem 8.17, this is the sole mention of electromagnetic angular momentum in this popular text. As another example, Jackson [6] mentions the field angular momentum on a few occasions, but the topic is not deemed worthy of a section of its own.
The theme shrouded in mystery is self-force and radiation reaction. Despite valiant attempts to elucidate this topic in the standard texts (see, for example, Sec. 11.2.2 in Griffiths, or Chapter 16 of Jackson), these aspects of electromagnetic theory remain conceptually challenging to most students (and instructors), thanks to the lurking infinities, mass renormalization, runaway solutions, pre-acceleration, and the like. In our opinion, the conceptual difficulties associated with self-force and radiation reaction stem from a misguided insistence that the Maxwell-Lorentz theory should apply to a point particle. While the electromagnetic field of a point particle is perfectly well defined, its action back on the particle is not, and much contortion is required to obtain self-consistent equations of motion for the particle. Our point of view is that in the classical framework of the Maxwell-Lorentz theory, equations of motion should only be formulated for extended blobs of charge, and a pointlike limit should be recovered only when the electromagnetic field varies on a length scale that is long compared with the size of the blob. In this context the equations of motion are necessarily approximate, and self-consistency can be achieved only within the limits of the approximation. For a rigorous implementation of this idea, see Ref. [7] .
Our interest in this paper is with the electrodynamics of a thin spherical shell of charge that is spinning on an axis with a variable angular velocity. The spinning motion of the sphere implies that angular momentum shall be one of its most important attributes, and thus is the first theme introduced. 2 The fact that the angular velocity is variable implies that the shell emits electromagnetic radiation, which takes angular momentum away from the system; this loss must be balanced by a self-torque acting on the shell, and we have our second theme. Such issues were explored previously in a paper by Stump and Pollack [9] , who calculated the self-torque acting on a point magnetic dipole.
We feel that the spinning shell, with its finite extension, provides a much more satisfactory starting point for this discussion.
The system's angular-momentum vector J is subjected to two conservation equations, which are established in Sec. II. The first concerns J em , the electromagnetic piece of the angular momentum, and it reads
where N em is the rate at which angular momentum is radiated away, and N em is the electromagnetic torque -the self-torque -acting on the shell. The equation states that the field angular momentum is communicated partly to the radiation and partly to the shell. The second conservation statement concerns J mech , the shell's mechanical angular momentum, and it reads 2) where N em is again the self-torque, and N ext is the torque supplied by an external agent acting on the shell. The equation states that the shell's angular momentum changes because of the combined action of both torques. The sum of J em and J mech is the total angular momentum J, and according to Eqs. (1.1) and (1.2), it satisfies the conservation statement dJ/dt = −N em − N ext . The total angular momentum is not conserved, because of radiative losses and the torque exerted by the external agent.
The conservation statement of Eq. (1.1) can be verified by calculating the field angular momentum, the radiated losses, and the self-torque. This requires expressions for the shell's electric and magnetic fields at any time t and any position x. Provided that we introduce a mild and sensible approximation, the fields of a spinning charged sphere can be calculated for any variable angular velocity. The assumption is that the angular velocity is taken to vary on a characteristic time scale t c that is very long compared with τ = R/c, the light-travel time across (half) the sphere; R is the sphere's radius and c is the speed of light. The fields are calculated in Sec. III and presented as expansions in powers of τ /t c ≪ 1. In principle, these can be carried out to an arbitrarily high order; we truncate them after a representative number of terms.
With the fields in hand, we calculate the self-torque in Sec. IV, and express it also as an expansion in powers of τ /t c . The result comes with a surprise: Only pieces of the self-torque can be associated with radiation reaction; the remaining pieces (which include the dominant contribution to the self-torque) have nothing to do with radiation reaction. As we explain in Sec. IV, the self-torque can be decomposed into terms that come with even powers of τ /t c (and therefore even powers of c), and terms that come with odd powers of τ /t c (and therefore odd powers of c). The odd terms are sensitive to the choice of boundary condition at infinity; they change sign when the retarded solution describing an outgoing wave is switched to the advanced solution describing an incoming wave. These odd terms, therefore, can be associated with radiation reaction, with the justification that a switch of boundary condition will produce a change in the self-torque. The even terms, on the other hand, are insensitive to the choice of boundary condition, and stay the same after a switch; these terms have nothing to do with radiation reaction. The main surprise is that the dominant contribution to the self-torque is even in τ /t c and therefore cannot be associated with radiation reaction.
The radiated angular momentum is calculated in Sec. V, and presented as an expansion in powers of τ /t c . As can be expected from the preceding discussion, each term is odd in c, and therefore sensitive to the choice of boundary condition at infinity. We note that the radiated angular momentum (like the self-torque) is proportional to q, the total charge of the spinning sphere. This provides a vivid illustration of the fact that the flux of angular momentum depends not only on the radiative, 1/r part of the electromagnetic field, but also on its Coulombic, 1/r 2 part; this point was forcibly made in a recent paper by Ashtekar and Bonga [10] . The field's angular momentum is calculated in Sec. VI, and Eq. (1.1) is verified explicitly.
In Sec. VII we turn to the shell's angular motion, governed by Eq. (1.2). We imagine that an external agent applies a torque on the shell, in addition to the self-torque supplied by the electromagnetic field. The resulting equation of motion is again presented as an expansion in powers of τ /t c , with the external torque giving the dominant contribution, and the self-torque splitting up into radiation-reaction terms (odd in τ /t c ) and terms (even in τ /t c ) that have nothing to do with radiation reaction. A feature of the equation of motion is that it is written in terms of an effective mass M eff , the sum of the shell's mass and the additional inertia contributed by the electrostatic field; this is a form of mass renormalization, a ubiquitous procedure of self-force calculations. Another feature of the equation of motion is that it requires a reduction of order (see Sec. 75 of Volume 2 of Landau and Lifshitz [11] , or Ref. [12] ) to avoid the emergence of runaway solutions. In our case this procedure is natural and justified on the grounds of the underlying assumption that τ /t c ≪ 1. We examine several examples of the shell's angular motion, corresponding to different external torques.
The electrodynamics of a spinning charged sphere unlocks a number of important lessons. First, it presents an excellent opportunity to reflect on the role of angular momentum in electromagnetism, a largely neglected subject. Second, it provides a vivid example of the fact that the radiated angular momentum may not solely depend on the 1/r, radiative part of the electromagnetic field, but can also depend on the 1/r 2 , Coulombic part. Third, it provides a conceptually clean setup to understand how the field can act back on its source; the self-torque is well defined and can be computed explicitly, and this should help lift some of the aura of mystery that tends to accompany this topic. Fourth, and this was a new lesson to us, it reveals that the self-torque must be clearly distinguished from radiation reaction; while radiation reaction does contribute to the self-torque, there are also (dominant) contributions that have nothing to do with radiation reaction. And fifth, it provides an instance in which the equation of motion for the source of an electromagnetic field is well defined and can be solved explicitly. These lessons can all be learned at a reasonable cost: All calculations are straightforward and accessible to a starting graduate student, and they might also be tractable to a well-educated senior undergraduate; instructors should be able to cope as well. We believe that these lessons are well worth learning, and that this paper could form the basis of an independent study module in a graduate course in electromagnetism.
This paper is dedicated to the memory of Steve Detweiler, who understood more than most the power of simple models to foster understanding of complicated things.
II. CONSERVATION STATEMENTS
In this section we establish a number of conservation statements relating to the momentum and angular momentum of an electromagnetic field. These are formulated in all generality, with the assumption that the field is sourced by a bounded charge distribution supported by a fluid. The conservation laws will then apply, as a special case, to the field sourced by a spinning sphere of charge. We denote three-dimensional vectors with a bold-italic symbol such as E, and denote individual components with E a .
We begin with a conservation statement for the linear momentum contained in the electromagnetic field. Let
be the field's momentum density, and
be the field's stress tensor, defined such that T em ab dS b is the momentum crossing out of an element of surface dS b per unit time.
3 Finally, let
be the Lorentz force density on a charge distribution described by the charge density ρ and current density j. Then the conservation statement
follows as a consequence of Maxwell's equations. This is the momentum theorem for the electromagnetic field, which is proved in the standard texts (see, for example, Sec. 8.2.2 of Griffiths [1] or Sec. 6.7 of Jackson [6] ). The momentum theorem gives rise to an angular-momentum theorem, which we formulate in integral form. Let V be a region of three-dimensional space bounded by a closed two-surface S. We assume that V and S are fixed in space. Let
be the total angular momentum of the electromagnetic field in V ; x denotes the position vector. Then a consequence of Eq. (2.4) is the conservation statement 6) where
is the field angular momentum crossing out of S per unit time, and
is the torque exerted by the fields on the charge distribution in V ; ǫ abc is the completely antisymmetric permutation symbol. Equation (2.6) states that the rate at which the field angular momentum leaves V is equal to the rate at which it crosses out of S added to the torque exerted on all charges within V . The equation is established by taking the time derivative inside the integral in Eq. (2.5), substituting Eq. (2.4), and integrating by parts. The fluid that supports the charge distribution contributes mechanical momentum and angular momentum. Let ρ m be the fluid's mass density, and let v a be its velocity field. Mass conservation is expressed by the continuity equation ∂ t ρ m + ∂ a (ρ m v a ) = 0, and in the absence of charges and fields, the fluid is subjected to the momentum theorem
where g mech a = ρ m v a is the mechanical momentum density, T mech ab the mechanical stress tensor, and f ext a the force density supplied by external agents. In the case of a perfect fluid, for example, the mechanical stress tensor is given by T mech ab = ρ m v a v b + pδ ab , where p is the pressure, and the momentum theorem becomes ρ m dv a /dt + ∂ a p = f ext a . This is recognized as Euler's equation.
If we now allow the fluid to be charged, and allow for the presence of an electromagnetic field, the momentum theorem becomes
where g a := g The momentum theorem for a charged fluid gives rise to a conservation statement for the total angular momentum contained in the region V ,
We assume that the fluid occupies a bounded region within V , and that this region does not extend all the way to S. In this case T ab evaluated on S consists of a field contribution only, and the mechanical contribution vanishes. The conservation statement is 12) where N em a is the field angular momentum crossing out of S per unit time, as given by Eq. (2.7), and
is the torque supplied by the external agents. Equations (2.6) and (2.12) imply
the statement that the mechanical angular momentum changes because of the combined action of the electromagnetic and external torques.
III. FIELDS OF A SPINNING CHARGED SPHERE
We consider a thin spherical shell of radius R spinning on an axis with a time-changing angular velocity Ω(t). We align the z-direction with the rotation axis, and employ the usual spherical coordinates (r, θ, φ) in addition to the Cartesian coordinates (x, y, z). Each coordinate system comes with a basis of unit vectors. For the Cartesian coordinates we have (x,ŷ,ẑ), and for the spherical coordinates we have (r,θ,φ).
The shell carries a charge q, and its charge density is given by
The velocity of an element of charge on the shell is v = RΩ(t) sin θφ. The current density is j = ρv, and the shell's magnetic moment is
In the following we shall express Ω(t) in terms of m(t), with m := |m| = 1 3 qR 2 Ω. In the usual Lorenz gauge, the potentials created by the spinning shell satisfy wave equations, with solutions
where G(t, x; t ′ , x ′ ) is the retarded Green's function for the wave equation. Because ρ is static and spherically symmetric, the scalar potential is given simply by
with Φ in applying when r < R, and Φ out when r > R. Because j a is time dependent (via m), the computation of the vector potential is more involved. It is helpful to work with A y − iA x , noting that j z = 0 and j y − ij x ∝ sin θe iφ , a spherical harmonic with labels ℓ = 1 and m = 1. We take advantage of a decomposition of the Green's function in spherical harmonics, provided by
where (r, θ, φ) are the spherical coordinates attached to x, while (r ′ , θ ′ , φ ′ ) are those attached to x ′ , and where 6) with Θ(u) denoting the step function, P ℓ (ξ) the Legendre polynomials, ∆ := c(t − t ′ ), and
Because this decomposition does not seem to be widely known, but can be immensely useful, we provide a derivation in the Appendix. We insert Eq. (3.5) within the integral for A y − iA x , write
′ , perform the angular integration by exploiting the orthonormality of spherical harmonics, and evaluate the radial integral with the help of the delta function contained in j. We arrive at
where
Inserting Eq. (3.6) with ℓ = 1 and accounting for the step functions, the function becomes
In principle, the integral can be evaluated only once m(t ′ ) is specified. As we shall see, however, we can avoid making an explicit identification, and obtain Γ(t, r) for any m(t ′ ), at the small price of a sensible assumption. We shall assume that t c , the characteristic time scale of variation of m(t ′ ), is very long compared with τ := R/c, the light-travel time across (half) the sphere. The assumption implies, for example, that τṁ ≪ m, that τ 2m ≪ τṁ, and so on, with overdots indicating differentiation with respect to time.
When r < R, the bounds of integration in Eq. (3.10) become t − R/c − r/c and t − R/c + r/c, respectively, and the integration takes place over a short time interval 2r/c < 2τ around t = R/c. Over this interval m(t ′ ) can be expressed as a Taylor expansion about t ′ = t − R/c, and the integral can be evaluated. We obtain Γ in (t, r) = r R 3 m+ τṁ + where a number within brackets in a superscript indicates the number of differentiations, and the superscript after the end bracket indicates that m and its derivatives are evaluated at the time t − R/c. We remark that m and its derivatives could be further Taylor expanded about the time t, but this form for Γ in happens to be convenient to work with. When r > R, the bounds of integration in Eq. (3.10) become t − r/c − R/c and t − r/c + R/c, respectively, and the integration again takes place over a short time interval 2R/c = 2τ . Over this interval m(t ′ ) can again be expressed as a Taylor expansion, this time about t ′ = t − r/c, and the integral can again be evaluated. We obtain
where m and its derivatives are now evaluated at the time t − r/c. It is easy to verify that Γ is continuous at r = R. Inserting Eqs. (3.11) and (3.12) within Eq. (3.8) gives us the vector potential of a rotating charged sphere. With the potentials in hand it is a straightforward exercise to obtain the fields. The electric field can be decomposed into a Coulomb piece defined by E C = −∇Φ and an induction piece defined by E I = −∂ t A. These are given by inside the sphere; we recall that τ = R/c. Outside the sphere we have
14a)
The magnetic field B = ∇ × A = B rr + B θθ has the nonvanishing components 
IV. SELF-TORQUE
The torque exerted by the electromagnetic field on the spinning sphere -the self-torque -is given by Eq. (2.8), in which we insert the Lorentz force density of Eq. (2.3). The calculation requires some care because the fields are discontinuous at r = R. It is easy to see, however, that the Coulomb piece of the electric field (which is discontinuous) does not contribute to the torque. The induction piece does contribute, and this contribution is unambiguous because E I happens to be continuous at r = R. The magnetic field is discontinuous, but calculation shows that the magnetic field makes no contribution to the torque.
We find after a straightforward calculation that the self-torque's only nonvanishing component is
An alternative expression, with m and its derivatives further expanded about the time t, is
The expression of Eq. (4.1) is useful for the purpose of establishing angular momentum balance, as we do in Sec. VI. The expression of Eq. (4.2) is useful for the purposes of calculating the angular motion of the spinning shell, as we do in Sec. VII, and singling out the contributions associated with radiation reaction, as we do in the next paragraphs. One would normally expect that the self-force or self-torque acting on a distribution of charge would be associated with the electromagnetic radiation emitted by the distribution, and one would attach the words "radiation reaction" to the phenomenon. Our result for the self-torque reveals, however, that this expectation is not entirely fulfilled: the self-torque is not the sole result of radiation reaction. In fact, while radiation reaction does contribute, it is not the dominant contribution.
The radiation-reaction terms in Eq. (4.2) can be identified as those that come with an odd power of c (recall that τ = R/c); the terms that come with even powers of c have nothing to do with radiation reaction. To understand this, recall that the fields of Sec. III were calculated on the basis of the retarded Green's function. These fields describe an outgoing electromagnetic wave that carries angular momentum outward, with the radiated loss of angular momentum balanced by a contribution to the self-torque. Suppose, however, that we had adopted the advanced solution instead of the retarded solution. In this case we would have had an incoming wave that carries angular momentum inward, and the radiated gain of angular momentum would have been balanced by an equal and opposite contribution to the self-torque. The advanced solution can be obtained from the retarded solution by the formal switch c → −c, and the contributions to the self-torque that are sensitive to the choice of solution are therefore those that are odd in c; these are the radiation-reaction terms. The terms that are even in c are the same regardless of the choice of solution, and these contributions to the self-torque -though they have still to do with the electromagnetic field created by the spinning sphere -have nothing to do with radiation reaction.
Inspection of Eq. (4.2) reveals that the leading terms involvingṁ and m (3) come with even powers of c and are therefore independent of the choice of solution; these contributions to the self-torque have nothing to do with radiation reaction. The leading radiation-reaction term occurs at order τ 3 and is proportional to m (4) .
V. RADIATED ANGULAR MOMENTUM
The radiated flux of angular momentum is calculated on the basis of Eq. (2.7). We choose S to be a sphere of radius r 0 , and we take r 0 to be very large compared with λ c , a characteristic wavelength of the electromagnetic radiation. With t c denoting the characteristic time scale of variation of the magnetic moment (this quantity was introduced in Sec. III), we have that λ c = ct c , and we therefore assume that r 0 ≫ ct c ≫ R.
After inserting Eq. (2.2) and writing dS a =r a r 2 0 dΩ for the surface element (where dΩ := sin θ dθdφ), we find that the angular-momentum flux can be expressed as
We make the substitutions from Eqs. (3.14) and (3.16), neglect terms that are suppressed by powers of λ c /r 0 , perform the angular integrations, and obtain that the only nonvanishing component of the radiated flux is
where m and its derivatives are evaluated at the time t−r 0 /c; we recall that τ = R/c. The expression is proportional to q and linear in the magnetic moment, which indicates that the radiated angular momentum results from an interplay between the Coulomb and induction pieces of the electric field. The radiated flux of Eq. (5.2) is associated with the retarded solution to Maxwell's equation. As was discussed in Sec. IV, the advanced solution can be obtained with the formal switch c → −c, and the advanced version of the radiated flux would come with an overall minus sign, and would involve m and its derivatives evaluated at the time t + r 0 /c.
VI. FIELD ANGULAR MOMENTUM
The self-torque of Eq. (4.1) and the radiated angular momentum of Eq. (5.2) come at the expense of the field's own angular momentum, as implied by Eq. (2.6). The angular momentum in the electromagnetic field can be calculated from Eq. (2.5), which we write in the form
we recall that r 0 is the radius of the sphere S bounding V . Substitution from Eqs. (3.13) and (3.15) and evaluation of the angular integral reveals that j a = 0 when r < R. For r > R we get from Eqs. (3.14) and (3.16) that the only nonvanishing component of j a is This must be integrated with respect to r, and it is a fortunate circumstance that each term in j z is a derivative with respect to r. For example, m r 2 +ṁ cr +m 5) and all remaining terms can be written in a similar way. The integration is performed from r = R to r = r 0 , and after neglecting terms that are suppressed by powers of λ c /r 0 , we arrive at
As indicated, the first set of terms is evaluated at the time t − R/c, while the second set is evaluated at t − r 0 /c. The first set can be thought of as the contribution to the angular momentum coming from the near-zone fields in the vicinity of the spinning shell. The second set can be thought of as the contribution from the wave-zone fields. Differentiation of Eq. (6.6) with respect to t and comparison with Eqs. (4.1) and (5.2) reveals that the field angular momentum satisfies dJ is the self-torque. We take the shell to have a uniform mass density, and its mechanical angular momentum is related to the magnetic moment by
where M is the shell's total mass. The shell's equation of motion is therefore
where N ext is the z-component of the external torque (we assume that the remaining components vanish). We transfer theṁ term on the right-hand side to the other side, and write the combination as (2M eff /q)ṁ, where M eff := M + δM is an effective mass, with an electrostatic correction given by
This contribution to the effective mass can be thought of as the additional inertia provided by the electromagnetic field. Curiously, δM c 2 is a factor 2/3 smaller than the electrostatic energy of a hollow sphere, given by U = q 2 /(8πǫ 0 R). Introducing the notation
we put the shell's equation of motion in the forṁ
where, we recall, τ := R/c. We note that up to a factor of order unity, ε is the ratio of the electrostatic contribution to the mass to the total effective mass; this ratio is small for a macroscopic body. In addition, the assumption placed on the variation of m, τ /t c ≪ 1, ensures that
, and so on. The upshot is that the external term N is strongly dominant in Eq. (7.5), and the self-torque terms provide small corrections. We recall that in Eq. (7.5), the terms with odd powers of τ are radiation-reaction terms; the terms with even powers of τ (including the leading-order term proportional to m (3) ) have nothing to do with radiation reaction. Equation (7.5) contains high-order derivatives, and it could include terms of even higher order if the expansion in powers of τ /t c were pursued beyond what is displayed there. Such equations are typically pathological and produce runaway solutions that strongly violate the underlying assumption that τ /t c ≪ 1. A coping strategy presents itself on the grounds that ε is small, and that each successive term contributes a smaller correction. The strategy is to perform a reduction of order, by substitutingṁ = N + O(ε) on the right-hand side of the equation. This yieldṡ
where we neglect all terms of order ε 2 and higher.
4 Equation (7.6) is free of pathologies, and its solution is immediate:
With N assumed to vary on a time scale t c that is long compared with τ = R/c, Eq. (7.7) is guaranteed to describe a m(t) that also varies on a long time scale.
For the purpose of illustration we examine a number of concrete examples. We first consider an external torque given by where ζ := ωτ ≪ 1. In the first set of terms, proportional to sin ωt, the self-torque produces an amplitude correction that is even in ζ; this correction is not to be associated with radiation reaction. The second set of terms is also contributed by the self-torque, and it represents a correction to the phase of the magnetic moment; these terms are odd in ζ, and they are directly associated with radiation reaction. For a second example, we consider the external torque
where m and k are constants. The corresponding solution is m 2 (t) = m 2 (0) + 1 4 m(kt) 4 + εm 3ζ 2 (kt) 2 − 5ζ 3 (kt) , (7.11) where ζ := kτ ≪ 1. The correction term proportional to ζ 3 is the result of radiation reaction. In this case the solution actually truncates to a finite number of terms.
As a slight variation of the preceding example, we take
The solution is m 3 (t) = m 3 (0) + 1 3 m(kt) 3 + 2εmζ 2 (kt), (7.13) where ζ := kτ ≪ 1, and the self-torque correction has nothing to do with radiation reaction. This is in spite of the fact that a magnetic moment that grows approximately as t 3 does radiate angular momentum. Nevertheless, the self-torque is proportional to c −2 and is therefore insensitive to the choice of boundary condition (outgoing waves versus incoming waves) at infinity. The apparent paradox is resolved by noting that the radiated losses come at the expense of the field's angular momentum, and need not be balanced by a radiation-reaction contribution to the self-torque.
For a final example we consider an external torque that gradually switches on and then gradually switches off. We describe it in terms of a gaussian function, Finally, we set cos θ = 1 and use the fact that P ℓ (1) = 1. This gives
Because s 2 evaluated at cos θ = 1 is r 2 − 2rr ′ cos θ ′ + r ′2 , we have that
or
where ξ := (r 2 + r ′2 − ∆ 2 )/(2rr ′ ). The integral is nonzero whenever ξ lies in the interval between −1 and +1; when this condition is satisfied it evaluates to g ℓ = 2πcΘ(∆)P ℓ (ξ)/(rr ′ ). The condition −1 < ξ implies −2rr ′ < r 2 + r ′2 − ∆ 2 , so that ∆ < r + r ′ . The condition ξ < 1 implies 2rr ′ > r 2 + r ′2 − ∆ 2 , so that ∆ > |r − r ′ |. This last condition supersedes the requirement that ∆ > 0, which comes from the step function appearing in G. Altogether, we find that the reduced Green's function is given by g ℓ (t, r; t ′ , r ′ ) = 2πc rr ′ Θ(∆ − |r − r ′ |)Θ(r + r ′ − ∆)P ℓ (ξ).
The temporal support of the reduced Green's function is the interval |r − r ′ | < ∆ < r + r ′ .
